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With the widespread use of graphic calculators and mathematics software packages, obtain-
ing a rough graph of a function would seemingly be a snap for students.  Yet, this is not
the case!  For example, many of our calculus students have accidentally done the following
when using a graphing calculator or graphing software:

• Entered the function f (x) =
x2 + x

x − 1
 as f (x) = x2 + x / x − 1,

• Plotted the function as entered, and
• Accepted the graph as correct.

This error seems to occur because many of our students have a great difficulty in

• Recognizing differences between two algebraic expressions,
• Relating obvious visual properties of a function's graph to algebraic properties of a

formula for the function, and
• Questioning results generated by a calculator or a computer.

We also find that many of our students have difficulty in both truly seeing and articulating
differences between the graphs of various types of functions.  For example,

• Visually, how are the graphs of power functions p(x) = xn , n an integer, different?
What about the graphs of the even-degree power functions?

• How are graphs of algebraic functions different from graphs of polynomial and rational
functions?

• How are graphs of transcendental functions different from graphs of algebraic func-
tions?

As a remedy for this situation, we present below a collection of exercises designed to de-
velop and enhance students ability to predict algebraic properties of a function from visual
properties of a function's graph.  In many cases, this will enable the student to discover a
formula for the function.  To do this we will use the hidden function feature of the soft-
ware package TEMATH 1.5.2.  Using this feature, students can plot, evaluate, and com-
pose a function without having access to an algebraic expression for the function.  Such a
function can be viewed as a black-box and algebraic properties of the function can be de-
termined indirectly through graphical experimentation.

Graphical Experimentation 101

An unusual feature of a black-box function's graph, might lead a student to make a conjec-
ture about an algebraic property of a formula for the function.  Often a student's conjecture
can be tested by a graphical experiment.  A graphical experiment might consist of con-
structing a new function from a black-box function and then plotting the new function.
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For example, let f (x)  be the function whose graph is shown in Figure 1 above.  Then
f (x)  has a root at x =1 and we might suspect that f (x) = (x − 1)g(x) for some simpler
function g(x) .  To test this idea, we can solve for g(x)  and plot the result.  Suppose we do
this and the graph of g(x) = f (x) (x − 1) (if x ≠ 1)  is the line shown in Figure 2 above.
By careful observation and measurement, we see that the line's y-intercept is –3 and its
slope is 3; hence, g(x) = 3x − 3 (if x ≠ 1).  Suppose that by further experimentation we
determine that lim

x→1
g(x) = 0 .  Then we can conclude that g(x) = 3x − 3 for all x.  Hence,

f (x) = (x − 1)g(x) =  (x −1)3(x −1) = 3(x − 1)2  is a formula for f (x) .
♦

Thus, information about an algebraic representation for a function can be deduced from
simple graphical experiments.  Listed below are the major features of a function's graph
that can be used to infer properties of an algebraic representation for the function:

• x and y intercepts
• Domain
• Asymptotes
• Far-left and far-right behavior
• Local maximums and minimums, and vertical tangents

A student can verify conjectures and gain additional information by graphing the following
related functions:

•   H(x) = ( f ou)(x) Transform the domain of f (x)  by a function y = u(x).
•   K(x) = (v o f )(x) Transform the range of f (x)  by a function y = v(x) .

• Q(x) =
f (x)

x − a
if x ≠ a Divide by a linear factor corresponding to a root.

• P(x) = (x − a) f (x) Multiply by a linear factor corresponding to a vertical 
asymptote.

• Delta(x) = f (x +1) − f (x) Construct the unit difference function.

Note that if u(x) = c x + h , then H(x) translates and scales f (x)  horizontally.  Similarly, if
v(x) = d x + k , then K(x)  translates and scales f (x)  vertically.

Finally, a student could use a data-analysis/modeling approach to determine a formula for
the function.  For example, a student could try to fit a polynomial, rational, exponential, or
logarithmic model to a table of (x, y) -values sampled from the function's graph.



Sample Exercises

Set 1 Use graphing of related functions to find a formula for the given function.
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Solutions   :
a) • Shift y1(x)  vertically and horizontally to the origin (see Figure 3 below).

• Scale the translated function so that it passes through (1,1) as shown in Figure 4.
Call this function f (x) .
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 f(x) = 2(y1(x+2)–1)

Figure 3  y = y1(x + 2) − 1 Figure 4  y = f (x)

• The symmetry and simplicity of f (x)'s  graph implies that f (x)  is an even degree
power function.

• However, the graph of Delta(x) = f (x +1) − f (x) , shown in Figure 5 below, is not
linear; hence, f (x)  is not a quadratic function.
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Figure 5  y = Delta(x)
• Confirm that f (x)  is quartic by comparing its graph and the graph of y = x4 .



f (x) = 2(y1 (x + 2) −1) = x4 ⇒ y1(x) =
1

2
(x − 2)4 +1.

b) • Remove y2(x)'s  vertical asymptotes by multiplying by (x −1)(x +1) if x ≠ ±1 .
• Remove its roots by dividing by (x − 2)(x + 3)  if x ≠ 2, − 3 (see Figure 6 below).
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Figure 6  y = (x − 1)(x +1)y2(x) Figure 7  y = f (x)

• Notice that the graph of f (x) =
(x − 1)(x +1)

(x − 2)(x + 3)
y2(x) , shown in Figure 7 above, is the

line y = 1 if x ≠ ±1,2, − 3.

y2(x) =
(x − 2)(x + 3)

(x − 1)(x + 1)
.

♦

If the domain of a function has large gaps, and its graph has vertical tangents, it is likely
that it has an algebraic representation that involves the use of a radical.  If the function's
graph is very steep and has a horizontal asymptote, it is likely that the function is exponen-
tial.

Set 2 Find formulas for the following algebraic and exponential functions.
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Solutions   :
a) • Since y3(x)  is non-positive and has vertical tangents at 0 and 1, plot y = y3(x)2 .

• Divide the resulting function by x(x − 1)  to remove its roots (see Figures 8 and 9).

• Notice that the graph of f (x) =
y3(x)2

x(x − 1)
 is the horizontal line y = 1 if x ∉[0,1].

y3(x) = − x2 − x .
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Figure 8  y = y3(x)2 Figure 9  y = f (x)

b) • Shift y4(x) upward by 1 so that its graph is asymptotic to the x-axis.
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Figure 10  y = y4(x) + 1 Figure 11  y = f (x)

• Notice that the translated graph shown in Figure 10 looks exponential but is steeper
than the graph of y = e x .  To verify this conjecture, plot f (x) = ln(y4 (x) + 1).

• Notice that f (x)' s  graph shown in Figure 11 is the line y = 2x + 4 .
y4(x) = e2x + 4 −1 .

♦

As a project, students could be asked to describe a sequence of graphical experiments for
determining if a function belongs to a given family of functions.  For example, a function
f (x)  belongs to the family l(x) = ln(ax + b),  a ≠ 0 , if the graph of y = e f (x )  is a ray.

Set 3 Describe a sequence of graphical experiments that can be used to determine whether
or not f (x)  belongs to the given family of functions.

a) c(x) = ax2 + bx + c3 ,  a ≠ 0 b) q(x) =
a

(x − h)2 + d2 + k , ad ≠ 0

♦
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Solution    :
• Shift the function's graph horizontally to origin.
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• Observe that the graph has y = 0  as a horizontal asymptote; hence, the function is not
polynomial.  Moreover, it rises and falls too slowly to be exponential or logarithmic.
Thus, assume it's rational.  Since it has no roots or vertical asymptotes it must be a ra-

tional function of the form y =
a

(bx)2 + c2 .

• Try fitting various rational functions of this form to f (x) = y9(x + 1).       Hint   :  Since

f (0) = 1, a = c2  and the values of b and c are determined by two other points on f ' s
graph.

 f (x) =
4

x2 + 4
⇒  y9(x) .

♦
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Major Features of a Function's
Graph
<=>

Algebraic Properties of a
Formula for the Function

• x intercept & y intercepts
• Domain
• Asymptotes
• Vertical Tangents
• Far Left and Far Right 

Behavior
• Local Maximums and 

Minimums
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.

A student could also use a data-analysis/modeling approach to determine a formula for the
function.  For example, a student could

• Generate a table of (x, y) -values for the function,
• Use interpolation to find a polynomial passing through the (x, y) -values, and
• Verify the result by comparing the complete graph of the interpolating polynomial with

the complete graph of f (x) .

A student could also try to fit the table of (x, y) -values using other models including ratio-
nal and exponential models.
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